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Abstract

This paper proposes an accelerated algorithm for solving the Dirac equation. The advantage
of this method is that, thanks to the successful organization of the iterative process, a
significant part of the found approximate solution is expressed through an elementary function.
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Introduction
Consider the Dirac equation
0 1y, ., (P q) y1(x)

Cr o7+ Se)r=7 =16 W

with initial conditions
v1(0) = cosa, y2(0) = —sina, (2)

here p(x), q(x) are continuous functions in an arbitrary finite interval, 4 is a complex number.
Problems (1)-(2) have been studied quite well and a review on this topic can be found in [1].
This paper proposes an accelerated algorithm for solving problem (1)-(2), which, thanks to a
successful replacement of variables, the iterative process quickly converges to a solution,
described by an elementary function, with a given accuracy. This approach to solving similar
problems was practiced in the author’s works [2]-[7].
The relevance of this problem formulation lies in the fact that in many problems, mainly for
inverse problems for equation (1) with some boundary data under conditions of uncertainty
(i.e., insufficiently or inaccurately specified spectral data), such explicit forms are required, at
least approximately decision that makes it possible to evaluate the result.
The meaning of the proposed method and the results of the solution are described in the
following theorem.
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Y(x,A) = f(p(t)sinZ)lt — q(t)cos2At)dt,

p(x,A) = fp(t)cosZAt + q(t)sin2Atdt, H = H(Ax) = (

0
x

O(x) = j(p’shqodt, I(x) = —Jl/)’e“/’dt

0

coslx —sinAx
sindlx  coslx

)

Theorem. The solution to the Dirac matrix equation (1) with initial conditions (2) is described

by the following formula
_ (cosAx —sinAx\ (G11 G12> cosa
Y(x 4 a) = (sin/lx coslx ) (Gn Gy, (—Sina)

where
x tq

Gy =1+600)+9(x)— f¢9dt+f¢ f9¢drldt+

tq © X tq t2 2%

(3)

+fx<p f[¢'19(x)+l/) sholdzydt — - —foojfljfz---J oy’ dry -+ drydt + -
0

k=3 0 0 0

ffof flf fo- -f[<p’19(x)+1/)’sh<p]drk---drzdrldt
0o 0 Ox 0 .

Gy, = —sho — f @'9(x) —Y'she] dt —f f oy'dr dt +
0
x t

+
o —
<
o%:,

+ ...

0 x ty ty tk

2 O [ fo [ ] o [ 10960 + w'sholdne - deydre

k=3 0 0 0 0
x x t1

Gy = —shy - j (090G + w'sholde + [ o' [ op'dede -
0 0
t1

_Oflprf [0"9(x) + 'sh @]drdt — -

0

( 1)k(ffoj}f1ff2 felp'drk---drldt+---+
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TJ)

+Z( 1)’<fxf0 flflf £, f o'(e7¥ — 1) + Y'sho|dry -+ dr,dr,dt

Gy = e¥ +0(x) +0fezp dt+J1,b’ J oy'dr, dt +

r

x ty
+J<p f ¢'9(x) —Y'sheldtdt + - +
o 0

51 tz tk

{ifﬁfﬁjﬁWJWMmWMMQ+m+
0 0 0 0

k=3

wfffﬂfﬁ f’mm+wmmed%“ﬂ“
30

here f, € {y, p}.. The |nf|n|te sums mvolved in B F;;

ij, are absolutely convergent and are

equivalent in modulus to 0( ) where M = max (e‘/J e™¥,e?). Formula (3) is valid for

both small and large values of A#0.
Proof. Let us introduce the following notation

__(coSAx —sinAx
Y(x o) = (sin/lx cosAx ) U(x, 4 )

Then problem (1)-(2) is reduced to solving the following matrix differential equation
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U (p(t)sinZ/lt —q(t)cos2At p(t)cos2At + q(t)sinZAt) —0
p(t)cos2At + q(t)sin2At  p(t)sin2At — q(t)cos2At
or
L (V9 uy (x)
U +((p, _w,)u_o U—(uz(x)> 3)
s . with initial conditions
u;(0) = cosa, u,(0) = —sina 4)

@) webofjournals.com/index.php/3

The representation of v, ¢ is described above.
The integral form of problem (3), (4) is described by the Volterra equation of the 2nd kind

UG da) = (0% - J (‘(ﬁ _(pl/;,>U(t,/1, Q)dt )
0

Problems (3)-(4) or equation (5), provided that the elements of the matrix ' ¢’ are uniformly
continuous in the finite interval under consideration, have a solution and a unique solution [2].
Let's start solving this integral equation. Equation (5) can be solved using the successive
approximation method. As a zero approximation we choose the following

~ cosa

Uo = (—sina)
Inserting U, together with U in the subintegral (5), we obtain

0= ()= [0 2 Come)ar=[i= (4 2,)] (o)
0
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The same thing, for U, we get
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(B 200 )] Come) =

X
_ [/ P2+9% 1 0 0 1 , , cosa
B [1 B (<p —IIJ) T (0 1) + (_1 0) f(‘/’ P—pp)dt (—sina)
0
Continuing in a similar way, we get
O = [ = Ay + Ay — Ay + -+ (—1)"4y]

where A,, is determined by the following recurrence relations
X

Ans1 = (a"“ 1) bnaa )= J (¢ (p’,>An(t)dt -

cosa )
—sina

(6)

bn+1 _(_1)nan+1 ® _l/)

o\xo\x

(lp’an + ‘p,bn (_1)n(§0’an - 1/}’bn) )dt
‘p,an - lp’bn _(_1)n(¢,an + (plbn) ’

X
[¥'an + ¢'byldt, bpi1 = J[wlbn —Y'a,]dt

0
a0:1, b0=0, n=0,1,2,'"
For convenience, we group the sequence of the matrix A,, with even and odd indices. Then for
n>1 we have

An+1
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4 B (1 O) ¢2(n+1)+¢2(n+1)
2b) 7 g 1 2(n+ 1)!

X
. ,(pZn rf . ¢2n—1 , g02n—1
+f‘/’ ] Vom te <"’ an=11 ¥ @no1y) 4% |dndt ¥
0 0 0
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x 2
v | (w'%w'wap,w)) At - dt
0 0 i
x ) lp2n+1 , g0211+1
OJ <‘p nt Dl ¥ ang 1)!) dt =

x ton-1 )
__[ Y f <¢’¢7_¢’W(€0:¢)) dton_q - dT1dt‘
0 0
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lp2n+1

_(t o o
Axpi1 = (0 _1) (2n+1)!+J¢ ol dr, +
0

)

r

+ o'W (g, 1/})) dt, dt,dt +

I0NS

P o Y'W (e, 1/))) dt, dridt +

2n
(‘P l/) W(§01 lp)) de dTldt +

X
O 1 lp2n+1 j- l/)2n
+(1 CEEVRN A T
0
x t1 t2 lp2n
+f<.0' @ f(gl) W—IP'W(fp,llJ))drz drdt|+ -
0 0 0

2

fwf 0 f(«p vy W(‘P»ll’))d‘fz drydt

All elements of the matrix A,, are convergent sequences, which, as n increases, tend to zero in
order 0( ) We insert all found matrices A,into (6). For convenience, we introduce the
following notation
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[—A +A,— -+ (D4, + - = (G“ G“) (6"
G21 Gy
Since the infinite series involved in the right side of equality (6°) is convergent [9], as n—oo0,
. e we have
® had e ¢2i + ¢2i
Giq =Za2i_za2i+1 =1- ¢++Z—.—
. . : (20)!
i=0 i=0 i=1

o0 1/)2i_1 xl/)I 2(i-1) L x ,
_;{(Zi—l)fr (2i - z)!d”'“}—e +9(x)+0f¢9(x)dt+.--

z S e =3 e [l o

2 Web of Discoveries

® X 2(i-1)) 4¢ x
Z (2i — 1)! Z f : gbl 2))1 + == —shop + f[I/J’Sh(q’) —@9(x)]dt + -
i=20 0
o 1 x | |
621 = Z bai - Z bairs = Z {mj(‘pllpm_l — PP Nde + - } -
3) =0 £=0 i=1 0
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X

® © X y(n2(n-1) d
N T (CIET IR (R
0

i=1 n=2
[ee] (o]

Zazl Zazl+1—1+¢+2{¢2;2)'. }+

i=0 1=

2i-1 1,,2(i—1)
+Z{ Ld f[w‘p ]dt+---}=e¢+9(x)+f1/)’9(x)dt---.
0

Q

Qi—D! ) @n=2).

The theorem is proved.

By simplifying (3) for sufficiently large A, one can obtain all the classical formulas for problem
(1)-(2), such as asymptotic formulas for eigenvalues A, asymptotic formulas for eigenfunctions,
asymptotic formulas for normalizing numbers, etc. [1].
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