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Abstract  

The problem of determining the order moment of the sum of random variables (r.v.) using the 

method of characteristic functions (ch.f.) is studied in the article.  order moment of the sum of 

independent and dependent r.v.-es   subject to the exponential law with the   parameter is found.  
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Introduction 

1. Introduction. Definition 1. [1] Let   be a random variable. Let 1i = −  be a imaginary 

unit. The function :f R C→  defined by  

 




−

=== )()( xdFedPeMetf itxitxitx

                               (1) 

is called the characteristic function of  . 

If   discrete r.v., then ch.f. 

 ===
k k

k

itx

k

itx
xpexPetf kk )()()(  .                                   (2) 

If the random variable   has an absolutely continuous distribution, and ( )p x  is its density 

function, then  

( ) ( ) .itxf t e p x dx




−

=   

Theorem 1. [1] Let ( )f t
  is characteristic function of r.v.  . Then  

1. ( )0 1f =  ,  ( ) ;1tf  

2. For any a  and b  constants we have ( ) ( )btfetf tai

ba  =+ ; 

3. ( ) ( ) ( );tftftf  −=−=  
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4. If 
n ,...,, 21
 are independent r.v.-es, then 

1 1 2...
( ) ( ) ( ) ( ).

n n
f t f t f t f t
    + +

=      

5. Ch.f. )(tf  is uniformly continuous in ),(1 −=R .  

6. For the characteristic function )(tf  to be valid, it is necessary and sufficient for 

the distribution function of the random variable   to be symmetric. 

Theorem 2. [1] If 
k

E     and the characteristic function ( )f t
  has continuous 

derivatives up to order k , and the following relations hold: 

,,...,2,1,)()()( kxdFexitf itx == 
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                                             (5) 

Definition 2. [1] Let ( ), ,A P  be a probability space, and let   be a random variable defined 

on this space, with 0k   being a given number. If the mathematical expectation 
k

M   exists, 

then the value k

k Ma =  is called the k − th order raw moment of the random variable  , and 

the value 
k

k Mm =  is called the k − th order absolute moment.  

 

2. Independent case. 

If 1 2, ,..., n    are independent and identically distributed random variables following an 

exponential distribution with parameter  , then their distribution is given by 

( ) 1 , 0, 1, 2, ...x

iP x e x i − = −  =  [2]. 

 

Theorem 3. If 1 2, ,..., n    are independent random variables following the exponential 

distribution with parameter  , then for any , 1, 2, ...k n =  we have 

( )1 2

( 1)( 2)...( 1)
... .

k

n k

n n n n k
M   



+ + + −
+ + + =  

Proof. The characteristic function of the exponential distribution is ( )
i

f t
it






=

−
. Let us 

denote 1 2 ...n n   = + + + . The main problem is to find k

nM . According to relation (4), we 

have ( )1
(0)

n

k k

n k
M f

i
 = .   

Using the property of characteristic functions from Theorem 1, we get: 
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− 
  . 

Now we compute its k −  th derivative with respect to t : 

' 1 1

'' 2 2 2

( )

( ) ( ) ( ) ( ) ( ) ,

( ) ( 1) ( ) ( ) ( 1) ( ) ,

..............................

( ) ( 1)( 2)...( 1) ( ) ,

n

n
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− − − −

− − − −

− −

= − − − = −

= − − − − = + −

= + + + − −

( ) ( 1)( 2)...( 1)
( )

( )n

n k
k

n k

n n n n k i
f t

it




 +

+ + + −
=

−
. 

Now we compute its k −  th derivative with respect to 0t = : 

( ) ( 1)( 2)...( 1)
(0)

n

k
k

k

n n n n k i
f



+ + + −
=  

Then,  

( )1 1 ( 1)( 2)...( 1) ( 1)( 2)...( 1)
(0)

n

k
k k

n k k k k

n n n n k i n n n n k
M f

i i


 

+ + + − + + + −
= =  = . 

 

3. Dependent case.  

Characteristic function of the sum of dependent random variables 

( )1 2( ... )
( ) n

n

it
f t E e

  



+ + +
= . 

When correlation exists, this changes to: 

1 2

1 2

( ... )

, ,..., 1 2 1 2
( ) ( , ,..., ) ...n

n n
n

it x x x

n n

R

f t e f x x x dx dx dx
   

+ + +
=  , 

where the conjugate density function of random variables 
1 2, ,..., 1 2

( , ,..., )
n n

f x x x
  

 depends on 

the correlation. 

If even random variables ( )1 2
,   are correlated, then their conjugate density function 

1 2

1 2

( )2

, 1 2 1 2
( , ) ( , , )x xf x x e g x x

 
 − +=  , 

where 
1 2

( , , )g x x −  a function describing a relationship, e.g. 

1 2 1 2
( , , ) 1 ( , )g x x h x x = +  , 

1 2
( , )h x x −  determined by the nature of the correlation coefficient. Depending on the type of 

correlation, 
1 2

( , , )g x x  has a different shape. 

If 
2 1 2

  = +  and 
1 2
,   are correlated, then 

2 1 2
0

[ ]
n

n i i n i

n
i

E C E   −

=

= , 

here, even moments are written as follows. 
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1 2 1 2
[ ]i n i i n iE E E    − −=  .  

Let  1 2, ,..., n     be dependent random variables with correlation coefficient  

ov( , )
.

i j

ij

i j

C

Var Var

 


 
=  

Then the first and second order moments are: 

( )2 2

1 1 1
[ ] , [ ] , , ,

i i i j ij
E Var Cov    

  
= = =   

where 
ij

 −   are  the numerical covariance coefficients of r.v.-s 
i

  and 
j

   

Joint mathematical expectation for two variables  

( ) ( ) ( ) ( , )
i j i j i j

E E E Cov     =  +  

Now we determine the moments of the sum. 

For 1k = , it is evident that the result easily follows from the linearity property of expectation, 

both in the dependent and independent cases. 

( ) ( ) ( ) ( )1 2 1 2
... ... .

n n

n
E E E E     


+ + + = + + + =  

For 2k = , 

( ) ( )2 2

1 1

2 ,
n

n i i j
i i j n

E S E E  
=   

= +   

where 
2 2

2

2
( ) ( )

i i i
E Var E  


= + = , ( ) 2 2

1 1
i j ij

E   
 

= +  .  

Considering the above  

( )2

2 2
1

2 1
2 (1 ).

n ij
i j n

E S n 
    

=  +   +  
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