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Abstract

This article systematically covers the theoretical foundations and practical methods of
integrating trigonometric functions. The main attention is paid to the integration of sine, cosine,
tangent, cotangent and their expressions in power and product forms, the article shows the
procedure for effective use of trigonometric functions, the method of changing variables. Each
method is reinforced with step-by-step solved examples.
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Introduction
BA’ZI TRIGONOMETRIK FUNKSIYALARNI INTEGRALLASH HAQIDA.
B. B. Qarshiyev
Qarshi Davlat Texnika Universiteti o'qituvchisi

Z. A. Absamatov
Qarshi Davlat Texnika Universiteti v.b dotsenti.

Annotatsiya:

Ushbu maqolada trigonometrik funksiyalarni integrallashning nazariy asoslari va amaliy
usullari tizimli ravishda yoritilgan. Asosiy e'tibor sinus, kosinus, tangens, kotangens va
ularning darajali hamda ko'paytma shakllaridagi ifodalarini integrallashga qaratilgan bo'lib,
magqolada trigonometrik ayniyatlar, o'zgaruvchini almashtirish usuli samarali foydalanish
tartibi ko'rsatilgan. Har bir usul bosqichma-bosqich yechilgan misollar bilan mustahkamlangan.

Kalit so'zlar: trigonometrik funksiyalar, integrallash, anigmas integral, o'zgaruvchini
almashtirish, trigonometrik ayniyatlar, integral hisob.

1-Ta’rif. Agar [a;b] segmentning hamma nuqtalarida F'(x)=f(x) tenglik bajarilsa, F(x) funksiya
shu segmentda f(x) funksiyaga nisbatan boshlang'ich funksiya deb ataladi.
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1-Teorema. Agar Fi(x) va Fa(x) funksiyalar f(x) funksiyaning [a; b] kesmada boshlang'ich
funksiyalari bo’lsa, ular orasidagi ayirma o’zgarmas songa teng bo’ladi.

2-Ta’rif. Agar F(x) funksiya [a; b] da f(x) funksiya uchun boshlang'ich funksiya bo’lsa, u holda
F(x)+C, (C-const) boshlang'ich funksiyalar to’plamiga f(x) funksiyaning [a; b] dagi anigmas

integrali deyiladi va J-f (x)dx kabi belgilanadi. Bunda I - integral belgisi, f(x) integral
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ostidagi funksiya, f(x)dx esa integral ostidagi ifoda deyiladi.
j F(X)dx = F(x)+C "
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I. IR(SinXa cosx)dx ko‘rinishdagi integral

Bunda R-rasional funksiya. Bu integral tg§=t almashtirish bilan rasional funksiyaning

integraliga keltirilishi mumkin.
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(D) £ U holda berilgan integral ushbu ko‘rinishdagi rasional funksiyaning integraliga keladi, ya’ni

L E 2
: 2t 1- 2
O 3 IR(smx, cosx)dx:J.R t2 ; t2 |24t J.R (t)dt, )
8 4 1+ 1417 | 1442
=
— é bunda R*(t) funksiya t ning rasional funksiyasi.
Y— G dx
o 1-Misol. integralni hisoblang.
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[} @ Yechilishi. Yuqoridagi yozilgan formulalarga asosan:
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X
th =t (-m<X<T) almashtirishga universal almashtirish deyiladi. Bu almashtirish

R(sinx,cosx) ko‘rinishdagi har qanday funksiyani integrallash uchun imkon beradi. Lekin
praktikada bu almashtirish ko‘pincha ancha murakkab rasional funksiyaga olib keladi. Shuning
uchun universal almashtirish bilan bir qatorda ba’zi hollar uchun magsadga tez olib keladigan
: boshqa almashtirishlarni ham bilish foydalidir.
\KQ»

N
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o 1. Agar R(sinx, cosx) funksiya sinx ga nisbatan toq bo‘lsa, ya’ni R(-sinx, cosx) =
D - R(sinx, cosx) bo‘lsa, u holda cosx=t, - sinxdx=dt almashtirish bilan rasional funksiyani
integraliga keladi.
2.Agar R(sinx, cosx) funksiya cos x ga nisbatan toq bo‘lsa, ya’ni R(sinx, -cosx)=-
R(sinx, cosx) bo‘lsa, u holda sinx=t almashtirish bilan rasional funksiyani integraliga
keltiriladi.
3.Agar R(sinx, cosx) funksiya sinx va cosx ga nisbatan juft bo‘lsa, ya’'ni R(-sinx,-
cosx)=R(sinx, cosx) bo‘lsa, u holda tgx=t almashtirish bilan rasionallashtiriladi. Bu holda
.2 tgzx t? 5 1 1 dt
sin” x = = , COS™ x = = , dx=
1+1g%x  1+1° 1+1g°x  1+¢° 1+1¢°

COS3 X

2-Misol. j X integral hisoblansin.

1+sinx

: cos’ x
Yechilishi: R(sin x, cosx) = m funksiya sinx ga nisbatan toq funksiya. Bu

integralni _[ R(sin x) cos xdx ko‘rinishga keltirish oson. Hagiqatdan,

2 2
cos’ COS” XCOSX l1—sin“x
J- X dx= I _ dx = J-—_-cosxdx.
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E sinx=t almashtirishni baj aramiz. Bu holda cosxdx=dt. Demak,
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=—T+Sinx+C.

dx

o 3-Misol I 9_sin? dx integral hisoblansin.

| Yechilishi: tgx=t almashtirishni bajaramiz. Bu holda:
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dx dt dt
I9_Sin2x:-|. /2 :I 9+tz:la’”dgi"‘c:larctgtg—x+c
Chs tz)(1+z2) 3 3 3 3

1+

IL jsinm x-cos” xdx ko‘rinishdagi integral.

Bunda uchta holni qarashga to‘g‘ri keladi:
a)Berilgan integralda m va n larning kamida bittasi toq son. Aniqlik uchun n-toq son
bo‘lsin. n=2p+1 deb olib, integralni o‘zgartiramiz:
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Isinm xcos* ™ xdx = Isin’" xcos?? xcosxdx =
. )
Ism’" x(1—sin” x)” cos xdx.
O‘zgaruvchini almashtiramiz:  SINX = = cos xdx = d. U holda

2
J.smm xcos” xdx = Jf (=t )Pdt, by esat ning rasional funksiyasining integralidir.

. 3 2026
4-Misol. J.Sll’l X - COS xdx integral hisoblansin.

Yechilishi:

Isin3 x - c0s” " xdx = Isinz x -sin x - c0s**® xdx = I(l —cos’ x) - cos””* x - sin xdx.

COSX=1¢ deymiz, SN Xdx=—dt,u holda
t2029 l,2027

[[sin® x-cos™ xdv=—[ (1) dr = [~ )dr =1L
2029 2027

1
=—cos™™ x———cos’ x+ C.
2029 2027

b) Berilgan integralda m va n-manfiy bo‘lmagan juft son. m=2p, n=2q deymiz.
Trigonometriyadan ma’lum bo‘lgan formulalarni yozamiz:

2 2

. 1 1
s x = 3 (1-cos2x), cos”x= 3 (1+cos2x). Buylarni berilgan integralga qo‘yamiz:

1 1 1 1
s 2p 2q — p q
sin“? x-cos xdx—J‘ ———c0s82x)" - (—+—cos 2x)?dx.
j (2 5 ) (2 5 ) (3)
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Darajaga ko‘tarib hamda qavslarni ochib, cos2x ning juft va toq darajalarini oz ichiga olgan
hadlarni hosil qilamiz.

Toq darajali hadlar a) holda ko‘rsatilgandek integrallanadi. Darajaning juft ko‘rsatkichlarini
(3) formulalarga ko‘ra yana pasaytiramiz. Daraja ko‘rsatkichlarni pasaytirishni oson
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integrallanadigan '[ cos kxdx ko‘rinishdagi hadlar hosil bo‘lguncha shunday davom ettiramiz.

. 4
S-miS()l.j51n xdx integral hisoblansin.
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2
Yechilishi: Jsin4 xdx = J‘(#j dx = %J‘(l —2c082x +cos’ 2x)dx =

=%J.dx—%‘[0052xdx+%j%dx:%x—%sin2x+
4{7\-,-) 11 301, 1
8 e, +—X+—smé4x+C=—x——sin2x+—sm4x+C
A\ 8 32 8 4 32

c) Agar ikkala daraja ko‘rsatkich ham juft bo‘lib, ulardan kamida bittasi manfiy bo‘lsa,
yuqgorida bayon qilingan usul magsadga olib kelmaydi. Bunda tgx=t (yoki ctgx=t)
almashtirishni bajarishga to‘g‘ri keladi.

I J‘ sin mx cos nxdx, _[cos mx cos nxdx, I sin mx sin nxdx

ko‘rinishdagi integrallar.
Bular quyidagi formulalar yordamida hisoblanadi:

SIn MXx COS nx = 5 [sin(m + n)x + sin(m —n)x], (4)
1
COSMX COSNX = 5 [cos(m + n)x + cos(m —n)x], (5)
: ] 1
sSIn mx sSin nx = 5 [cos(m —n)x —cos(m + n)x]. (6)

6-Misol. J-COS 2025 x cos 2026 xdx integral hisoblansin.

Yechilishi: (5) formulaga ko‘ra:

c0s2025x - c0s2026x = % [cos(2025x + 2026x)+ cos(2026x — 2025x)] =

(cos4051x + cos x).
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[ c0s2025x cos 2026xdx = 1 [ (cos4051x + cos x)dx = L1 Gn4osix+
2 2 4051
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l-sinx+C:
2

sin 4051x + %sin x+C.

Xulosa
Xulosa qilib aytganda, murakkab trigonometrik ifodalarni integrallashda fundamental
trigonometrik ayniyatlardan to‘g‘ri foydalanish masalani sodda algebraik ko‘rinishga
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keltirishning eng qisqa yo‘lidir. Trigonometrik funksiyalarni integrallash jarayoni nafaqat
matematik hisob-kitoblarni, balki funksiyaning juft-toqligi va darajasiga qarab to‘g‘ri usulni
tanlashni talab etadi. Maqolada keltirilgan misollar shuni ko‘rsatadiki: Ratsional trigonometrik
funksiyalar uchun esa universal o‘rinlashtirishlar eng universal yechim hisoblanadi. Bu
usullarni o‘zlashtirish fizika va muhandislikning tebranishlar va to‘lqinlar jarayonlarini
modellashtirish bilan bog‘liq bo‘limlarida muhim ahamiyatga ega.
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