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Abstract

The article solves the minimax problem for the Romanovsky distribution in the Lj metric.
Convergence theorems for variation of the Romanovsky distribution to normal, binomial,
negative-binomial distributions, Poisson distributions, Erlang distributions, and bet
distributions are given.
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Introduction
This distribution is found in the work [1] of V. I. Romanovsky in connection with the following

problem. Two ordered samples Sy, S, of arbitrary volumes N and M are considered:
X <X, .. SXy,
W<y, <<y, (N21, M=])
aus demselben stetigen Aggregat S mit Dichte f(x), was uns unbekannt ist. In der ersten Probe

wird der Penis darin hervorgehoben X

141> Wir werden n Mitglieder haben, die nicht mehr als

it und N-n-1 Angehérige von mindestens %+1 1 dieser Arbeit von V.I. Romanovsky

wurde die Wahrscheinlichkeit festgestellt, dass in der zweiten Stichprobe # nicht mehr als

Mitglieder X, und M-p Mitgliedern mehr als X, :

B (k)=P(u—Fk)=Fy, (k)= P(k)=
CDJ\JJ-:ZI’/;—ln—k—l N s

, k=0M
= C]\]>I+M

0, k>M
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N>, M>1, n=0,N-1.
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The characteristic function of this distribution is also calculated there:

n_N-n—1

'g) " (pe” +q,)" dp,

¢"(t)_n!(N—n—1)!£p

Inhere ¢, =1— p,, and it is established that

_(n+DM
N+l
_ (n+D(N-n) ( M? +Mj'
(N+1)(N+2) N +1

V. L. Romanovsky proposes to use this distribution to construct a criterion for testing
hypotheses about the homogeneity of the two samples under consideration. He gives a number
of recurrence relations for probabilities P, (k).

V.1. Romanovsky studied this distribution in sufficient detail and pointed out its very important
applied side. It is for this reason, and for the sake of brevity, that we will call this distribution
the Romanovsky distribution.

This distribution has not been studied in terms of asymptotic properties.

Key results

Studying the asymptotic behavior of the P(k) distribution, we found that with various changes
in parameters, it converges with the normal, binomial, Poisse, negative-binomial, Erlang, and
beta distributions. Let

B M _ N a—l ﬁ_N—n
P=N+m TN M N’ N

Next, let's introduce notations for distributions with which the Romanovsky distribution is

N Ja .
similar. T, (k)= exXpy—— >

J2maBp(N + M) 2

=g,
J2mafp(N + M)

- normal distribution.

|
( ):(n+k)-pn+1qk, kZO,l,Z,...,

T (k
n!k!
—n—-1\!
Ty =N =D vk k—01,0,..
(N—n—1)Ik!

- negative binomial distributions,
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e
Qe T = Craf(l-a)"™, k=0,M
! 0, k>M

- binomial distribution,

N! 1 kY k N-n-1 L
T,(k)=1n!(N —n-1)! M(ﬁj (l_ﬁj , k=0,

- beta distribution,

e ",
!
k
FN—mp}
T(ky=—1 explo N =MWPL 010
k! q
- Poisson distributions,
Sk
_kq
Lo=~ELEer, k=012,
n!
N-n-1
) ¢
_kq
T(ky=~LL P v, k=0,1,2,....
(N —n—1)!

- Erlang distributions.
Let's also introduce the notations:

o Iy
p(P,T,7) :(Z] R(k)-T (k) 7} . 7>0,i=1,2,..9
k=0

v (R:y) = sup  min p(R,T.7)-

0<a,p<l =
The following theorems solve minimax problems of asymptotic behavior of the Romanovsky
distribution.  ppaorem 1 Let 7> 0,5 At N+M —

zmu&w=AmmN+M>”+m@N+M)“J,
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e
B ;“.-J -
pii A, p,y) =— T|u3(l+p)(l—2a)—3u(q—2a) i Tau
62\ =,
Let
Dy ={(a,p):a<p<1=24(y)a},D,={(a,p):1-a < p<1-24(y)1-a);
1- 1-
D={@p)p<l-a<l-al. D :{m,p); P ey lop }
3 ) 22,(7) 22,(7)
Comparing the results of theorems 2 to 10, it can be shown that

H}%IP(R,];J/):

PR, T,,y), ectu (a,p)eD,, a< [%T X
X(N+M) " +o((N+M)™"*),
PR, T,y), ecu (a,p)eD,,

0{>1—[MJ X
A7)

x (N+M) " +o((N+M)™")

p(R,T,,y), ecmu (a,p)eD;, p{%(ﬂ

x (N+M)‘”4+0((N+M)‘”4),

1/2
p(Raz-'S’}/)a eciu (a{,p)eD4, p>1_(ﬂ1(]/)j «

1

N 22,(7)

PR, T,y), 6 ocmanbHblX CIyYasX.

X

(N+M)™" + o((N+M)’”4)

Lot Ds={la,p): a<p<l-Aai . Di={(a,p): 1-a<p<l-A(l-a),

From the theorems it is easy to deduce that
min p(R,T}) =

i=1,9
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r(R,T,), eciu (a,p)eD;, a<\/%(N+M)”4+
+o((N+M)‘”4),
/14 -1/4
r(R,T,), ecmu (a,p)eD,, a<l- Z(N+M) +
+o((N+M)™")
= }“4 ~1/4
- I’(R,E), eciu (aap)ED% pP< Z(N'i_M) +

+0((N+M)’”4),
r(R,T,), ecmu (a,p)eD, p>«/2l4(N+M)_1/4+
+o((N+M)‘”4)

r(R,T)), 6 ocmanvbHbix Ccayyasx

Theorem 3. Let 7 =~ 0,5. At 00—

p(R.T ) =2 ’€;T)+O((aq>7j,
(0q)’
o= 0((N+M) ”yj, o<y<l,a=o(n"), y>1
Theorem 4. At

P(R,T,,y)= /12(}/)05 (ZNO[min@,LD,
(cq)7 (o) o4

-y

,B:O((N+M)_“7j o<y<l f=on"*), y>1
Theorem 5. At

P(R,T,,y)= ﬂz(}/)yﬂl + ’871 -O(min(l,in
(cq)” (0o9)’

_Lr
a 0((N+M) ”71, o<y<l,a=o(n"*), y>1
Theorem 6. At
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p(RT,y)=2DP pyl-o(min(l,in
(cq)” (09)’ o4

Theorem 7. At g = 0((N+M) ”7j o<y<lg=o(n"), y=>1

P(R,T,,y)=—1— + 0| min| —L
(oq)’ (oq) 7

4
a,p= 0((N+M) ”7) ,o<y<l, a,p=o(n”), y>1
Theorem 8. At

P(RT,,y)= (a+p)f3(7/) + OH_Z -OLmin(l,LD.
(0q)”  (o9)’ o4

1=y

ﬁ,q=0((N+M)_”7j o<y<l B,g=o(n*), y=1

p(RTy) = BEDAD) | B O[mm(h s D

Theorem 9. At

0q)’  (0q)" o9
y2l, a,q< L
Theorem 10. At N or
a,g=0o(N+M)Y "7 0,5<y<1
a+ 2
p(R.Ty) =2 DED) | (g q)O(wq) j

(oq)” v

y>1, B,q <l or
Theorem 11. At N

B.q=o(N+M) 77, 0,5<y <1

BrOED) | (5 4. O((Gq) )
(0q)"

Beweis des Satzes 2. Zuerst werden wir einen Beweis des Satzes in dem Fall geben, in

,O(R,Z;,}/) -

dem 7 =1, Summen, bei denen der Summenindex zu Ungleichungen erfiillt

1/3 1/3
< > . . .
lu <o, lu 2o Lassen Sie uns entsprechend bezeichnen. Betrachten wir zuerst

2, | P(k)=Ti(K)|.
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It follows from lemma 2.1[3] that

1
2, Tk ﬁ(?j- (1)

g 20"

S R(k) < %:ZO( - %T R(k) = %[np@ + o&) + O(ﬁm = 0(?j )

From (1), (2) it follows that

p—

5, | RO~ T (k) = 0(%) ®
O

1
3
Now consider those values of k for which | U |< o

Given the limitations of you and keeping in mind N —ow, M >0, n—>mo, o>
MOy YUM

o) q o
then for factorials R(k) the Stirling formula is applicable:
m!=~27zm-m" -e™" 1+L+0(L2j (4)
12m m

Simple calculations show that

Rk =—] e“E{Hui(np)a—za)_uk(q—2a>+0(f;(uk>ﬂ,

o2 60q 20q (oq)
(5)
Where is
P, (k)= (u,(1+ p)-(1-2a) = 3u(q —2a))* + apu, +u; (1+ p)(a' + B*).

Since
2

Mk
2| P(u,)|e *Au, = O(1) (6)
then it follows from (3), (5), (6) that

Zq |u,f +(1+p)1-2a)-3u,(q-2a)| e_7k “Au, +0(L2j (7)
o

1
RT)=——
P(R,T)) e

Unter Verwendung von Lemma 1 [5] bis (7) erhalten wir einen Beweis fiir Satz 2, im Falle von

y=1 Betrachten wir nun den Fall, in dem ” > 1. Lassen

J =${Z 1+ pXI-20) =30, (g 20) -T;(k)j ,
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Jy= (:ZOR(’Q -7, —éwza + )1~ 2a) ~3u, (g — 2e0) ~ 3, (¢ = DT, )

Using lemma 2 [5] we have J,=J, S p(RT,y)SJ,+J,
8)

Let's consider first Jy

Ji= D+ D, |R(Kk) =T (k)-

1/3 1/3

|Mk|<0' |Mk |20'

1
(14 )1 -2) =3, (g = 20) [ K) = Ty +

1/3

J42§37[ > R+ D TV (k)+
(TR

iy |>o

1Y , C
{mj > w1+ p)A—2a)-3u,(g-2a)[ e J

g 20"

Similarly, it can be obtained that

Y R()< Y R(k)<26xp{— ﬂjm}w(a”) 9)

1/3 1/3

|ty |20 |ty |20

Using lemma 1[5], it can be shown that

2
e *Au, =0

1 1
27y o |§ (037—1 j '
(10)
And

1 _@ 1
627y o DA+ p)(d-2a)u; = 3u,(1-2a) [ e Auﬁ%mj (11)

1/3

|20

From (9)-(11) it follows that

(12)
From (5) it follows that

Jy = z

jugl<c'?

I

R(k)—ﬂ(k)—éuz(no)a—za)—su(q—2a)T1<k)

on 4.0 Inter
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1/3

1 i
_0(0371 Z | B(u)le zAuk]'

|y | <o
yu?
Since D IR@)le * Au, =0,
juyl<o'
B 1
that Jy=0 W :
(13)
Using the lemma 2.1 [3] k J3 Have
1 = 1
Jy = ———= [1(+ p)1-20)w’ =3u(g —2a) x e *du+0| —
N2t o7 = o7
(14)

From (12)-(14) follows the validity of the theorem in the case when 7’ =1

Fall 0-5 <y <1 wird durch die Gelder-Ungleichung in der gleichen Weise bewiesen

wie der obige Teil des Beweises des Satzes .

Proof of Theorem 3. First, we will give a proof of the theorem in the case when 7 = 1
Let
np ,
z, =k——, =max| a’,
k p M ( N+ Mj
and Ji= D |R()-T,(k)| =2, | R(k)~T ,(k)|,
<5 INFIT
Jo= D IRI)=T,(k)| =2, |R(k) =T ,(k)|.
|zk|2%\/N+M

Simple calculations show that

© 2.2 2 3 5
ZZZ‘R(k){Mp (£+£+1J+@(6P L 2Ap +21p+1]+

2 2 3 2
=0 q

q q q q q q

3 2
+£[9€ +1812) +15p+1ﬂ(1+0( ! j]
q\ g q q N+M

(16)
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2 3(n+1)’-p* 6(m+1)p’ +1
o S 2T (k) = (n 2 p”, 6n 4)p L 2)p
k=0 q q
(17)
From (16), (17) it follows that
Js=0(1)
(13)
Now consider those values of k& for which
1
|z, |< 5 N+M
Js =2, |L(k) -1 T,(k),
R(k
Where is 12 (k)= (—)
T, (k)
Simple calculations show that
2
LU =1+Z1-u2)+4% ol £ |. (19)
2 20 o

Due to the well-known inequalities between the moments of

i| 2| (k) < (iz,fz; (k))z _ L (n +21)p )2 _ +21) p

k=0 q q
1
@+Dp
At q
Zz |Tz<k>=(”“)pTz(o){l—(”“)pjmn AL PNy
7 9 s q
5|z, | T,k <30 D2
q
(20)
So P(R,Tz)=%2m 11—u | T,(k)+0(n,). o

Further from (17)-(21) meaning M = o(a) Get

p(R,T)=0(a).

Using now to estimate the probability of I (k) asymptotic decomposition and applying lemma

1 [5] to expression (21), it can be shown that when (n + l)p =%

265|Page

ournals.com/index.php/12




Volume 3, Issue 5, May - 2025 ISSN (E): 2938-3811

Ee )
tl
N

"
fw

I

i

N 1 ¢ 21—t q
11— |T,(k) =— | [1-u? | e Pdu+ 0| —L—
; e \/27z_[0 J+Dp
(22)
From (21), (22) follows the validity of the theorem in the case of 7 = 1.

Proof of a theorem for 7 ~ 0,5 Based on chance 7 = 1 and is conducted similarly to

the proof of theorem 2, so we will not cite it.
The proof of Theorem 4 is analogous to the proof of Theorem 3 for a random variable

U=M-u.

Proof of Theorem 5 in the case of 7 =

777:max(p2, P J,zk:k—aM,

1. Let

N+M
= > IRK)-T,(k)|=2, | R()-T,(k)|.
lal<3 NI
Jo= > |R(K)-T,(k)|=2,|R(K)-T,(k)|
N

Since
Y Zieyat (1-a)"™ =30 B2M* + apM (1-6af) = (N + M )*O(1,)
k=0
(23)

nu

C 4
>z Rk) =

k=0
=[B3a’’M* +aM(1-Ta +12a’ - 6052)][1 + 0(%)) =(N+M)'0(n,) (24)
it follows from (23), (24) that

Jy=0(1;,)

(25)
Let us now consider those values of & for which

1
2 <IN+ M we =2 40 =1 T (h),

Web of Scientists and Scholars: Journal of Multidisciplinary Research
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It follows from the condition of the theorem that
N — o0, that

N—n—lzﬂN(l—Lj—)oo, n=aN —o.
BN

Also, fiir alle Fakultiten [ 4 (k) die Stirling-Formel (4) anwendbar ist. Einfache Berechnungen

zeigen, dass

2 2
[ (ky=1-L]1-Z2_ | 2P 40 L(Z{;)Z : (26)
2 affM ) 2ofM (affM)
Where is P(z)=z;(a+pp)+z,(a—p).
2

P Zk Zk

From (26) we get J, == [1- + T.(k)+R,.
( ) g 7 2 11 CZ,BM CZ,BM 4() 4

Since
anlsz;(k) <affM =(N +M)2O(777) )
2z |3 T,(k) < (Enzfﬂ(k)fM =(N +M)2O(777) )
that R, =0(n,). (27)
from (25)-(27) it follows that
P(R,T,)=0O(p).

(28)
Due to the well-known moments between the moments

2|z, | cMak,BM’k < (Zz,fc]'\}akﬂM’k)”z =(afM)"? <afiM ,
at OBM =1. (29)

And when @M <1
2|2, |T,(k) = aMT,(0) + (1-aM)T,() + Y|z, | T,(k) <3aM

|zi [>1
(30)
It follows from (26)-(30) that

Jr =22, 1= | T,(k)+ OGn).

€2))
Applying lemma 1 [5] to (29), we obtain a proof of theorem 5 in the case of 7 = 1.
Proof of Theorem 6. Limiting commonalities can be considered

n>2 N—-n>3, N<M?".
Let
PRT)=J,+J,,+J,,,
267 |Page
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a-
“‘1 4 R
Qe Whereis  J,= Y [R)-T(K)|, Jo= Y, |R()-Ty(k)|
k<M M <k<M—IM
and Ju= > |R(K)-Tyh)|.
k=M —IM

Let's evaluate first Jo. Ratio

N! " N=n= n+l
Z R(k)< X Z (i) (1_£j .Lzo(M‘z) ’
Ty n!(N-n-1) A\ M M M

(32)
N! 1Y 1 nal
T (k) <~/M . ._=0(M ) (33)
,;ﬁ (0 n!(N —n—1)! («/Mj M
shows that > R D Rk)= O(M‘Nz"). (34)
k>M—IM M—k<IM
It is not difficult to show that
J, = O(M )
(35)
and z Ts(k)=0(MNZ_n).
k>M7\/A7
(36)

From (35), (36) it follows that

i N-n-122, n2>2, 1o
mce

(37)
Now let's consider Jo. It is not difficult to show that

N! M — k)" y
n!(N—-n-1)! M"

xﬁ(Hlilejl(HMik) H(HMJ

i=1

R(k)=

Simple calculations show that
R(k):];(k)[n n(n+1) (N—n-1)(N-n)

2k 2M —k)
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3 3 3
_M +0 n_3 +0 LZ +0 LZ
oM k (M —k) M
(38)
From (38) it can be shown that

_N*(N-1)(N+1) y
2I’l(N— n— I)M JM <k<M M

. ' n—1 N—-n-2 2
=2 (ij (1_ij Lo Vs p( L]0
(N=-n=-2)!(n-1)! \ M M M M M
Where is
3
P k- _ ij +n(n+12)-(2n+1) g
M M I2N°(N +1)
. (N—3)' (ijn—Z (l_i)N—n—?)
(N-n=-3)(n-2)\ M M '
Applying Lemma 2.1[5] Prokhorov Y.V. to (39) we have
x2_2n+1 . n(n+1)

1
Jlozgj X
29 N +1 N(N +1)

wp 5 n+DC2r+1))
+O[q '!.[x + 12N2(N+1) jﬂ(x)dx} , (40)

10 X

(ijz_ 2n+Dk  n(n+1)
M (N+DM N(N +1)

L(x)dx +

Where is X=—,
M

PO = N 1! M

(N_4)' n=2 (1 _x)N—n—3 L
(N —n-3)(n-2)! M

—-2)!
(N 2) xnfl . (1 _ X)an72 . 1 ,
1

B'(x)=

At N —o beta distribution tends to normal. Taking this into account, from (40) (meaning

(37) we obtain a proof of the theorem for 7 = 1.

Now consider the case 7 >1. Let us first consider those values of k for which

k<\/ﬁ
Jn= D |RK) =T, (k) <27[ 2R+ ), T!(k)]-
k<M k<M k<M
2609 | Page
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o =)
L) et —y

It follows from the lemma that

y M1
an . M _qapr
d k;_R (k)<k§_R(k)<exp{ > (1 2aﬁj}’
that Jp= Y |RU)-Ty(k) =0(M‘35)
k<JA7

(41)
Similarly (41) it may be shown that

_3r
Ju= Y, |RMK)-T(k)f :O(M 2 )
k>M—IM
(42)
Now consider those values of k for which

M <k <M =M From (40) it follows that

i

Since Jip = 0(‘]13) nJyy = 0(‘]13) > then from (41)-(43) follows the proof of the theorem in

the case of 7 =~ 1. Proof of a theorem in the case of 0,5 <y <1 is proved with the help of
the Gelder inequality.

7 3y/2
n+1 n(n+1) B/ (x)dx+0 q @3)
N +1 N(N +1) o

Proof of Theorem 7. Let's consider first ¥ = 1 Let
n o+
q 'N+M

It can be shown that

2
> 2T, (k) =3£@} 22
k=0 q

q
(44)
From (16), (44) it follows that
Z | R(k) — T (k) [= O(r5)
\zk%m
(45)
Now consider those values of k for which

| z, |<%\/N+M
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Y ARG -T,()|= > |l(k)=1|T,(k).
\zk\<%\/N+_M |zk|<%\/N+_M

Where is

I, (k)= R(k) N'MYN+M —n—k-1)(k+n)! 'L@jk w
q

T.(k) (N+M)N-n-DI(M—k)n! q

Aufserhalb der Begrenzung zk in dieser Zone und von den Bedingungen N >,
M —> oo, n —> oo Daraus folgt, dass

z

k1 500,

M

16 (k) the Stirling formula (4) is applicable. It is not difficult to show

N—-n—1=fN —>x, M—kzﬂM(

Then for all factorials

that
a+p Zp (a+p)zq » Zr 4z
[(k)y=1+ - 10| a’+p?+E—E . 4D
2 np 2np (np)
Since

o 1/2
n
> |zk|1;<k>s(2z£7;<k>] )
AN k=0 9
at @>1

q
For values i <1 Have
q

2 |Zk|7%(k>=@7;(o)+[1 ]T(1)+Z|Zk|r(k)<3np
x <IN q q

(49)
From (47)-(49) it follows that

|z >1

0

a +
S| R(k)~T, (k)| = 2” >
k=0 N

1—

247 1
np o )+0(778)+p0[\/%}

(50)
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Verwendung zur Evaluierung To(k) Lemmu 1 ],

Es kann gezeigt werden, dass, wenn

P 5
q

1- MJ 1.(k)= 11—u’ eujdu+0[\/gj.
Z U e T

(1)
From (45), (50), (51) follows the validity of the theorem in the case of 7 =1 Cases
y> I, 0,5< y < 1 are conducted similarly to the proof of theorem 2.

The proof of Theorem 8 is similar to the proof of Theorem 7.
Proof of Theorem 9. Let

n+1
q

In [4], the characteristic function of the Erlang distribution is given:

i ~(n+1)
o(t)= (1 - —j :
q
Using ¢(t) Have

i(z,'c)TS(k) =n*+6(1-2p)n’ +(5+8p)n” +(6+ p*)n

k=0

r_ —
z, =k

(52)

1
q <— It can be shown that
From (16), (52) and from the theorem condition

Y. IRk -T(k)|=0(a).
ekl N

(53)
Now consider those values of k for which

1
|z, |2 5 VN + M . Simple calculations show that
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kq n .
P l
— e 7 I——|x
e T

i=l
N—n—ll i n . i N . 1 _k;q_
LT T )/ T e =

N-n-1 i n i N ;
+ ; ln(l — 5 —k)+ gln(l+;j —gln(l +ﬁj}

R(k)=Tg(k){l+ “;q(l— (Z'?)Zq2]+

It can be shown that

n+l

(Z)+z 2+(n+l)q2 _a2n+g q

n+l 2 AR
r\4 r\2
+n0(a’ +q°) + 0[ q(zk()n i loggz(z" ) q" ﬂ (54)
It follows from (54) that
\2 2
>R =Ty (k)| = “;q D 1- G4 1 R, (55)

n+l

\z}c|<%\/N+M |z}{\<%\/N+M

!/

Out of Limitation Zk> ..
from the conditions

R, = o(a’ +q°)

1
O —>0, a,q< ﬁ It follows that

(56)
From (53)-(58) it follows that
P(R,Ty)=0(a +q)
(57)
Further, when 72 — o0 the distribution of Erlang tends towards normal law. Taking this into

account, and from (55) we obtain a proof of theorem 9.

! —_ J—
The proof of theorem 10 is analogous to proof 9 for a random quantity H= M M.

Proof of Theorem 1 in the case of 7 = 1+ Studying the asymptotic behavior of the
Romanovsky distribution in the case when @ < came to the following conclusion: if O <
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5

then the Romanovsky distribution is close to binomial, negative-binomial, Poisson

1
ap=0 It follows that
distributions. From the condition N+M
min R T)=
i=23.4.6.7 p(R, ’)

P(R,T), ecru a<p,a< ! +0 !
T ’ N+M JN+M
1 1
= RT)), ecru p<a,p<———+0| ——
pULL) S AN, (m)

pPR,T,), ecru a<l-p,a>

1 1
+0
NN+M ( N+Mj

(58)

Conclusion
From (58) it follows that
sup min p(R,Y})z(N+M)_% +0((N+M)_;) : (59)

0<a, p<l i=2:3,4,6,7
O <0

(R,T), i=2,3,4,6,7

It follows from (39) that the maximum values of P

A(2/12a191 - pl) :

a and p in these

areas is reached at the point
1

A} S 4
24,0, =1 pl_(ﬂz\/@] (N+M) *+ ((N+M) )

4 2
This is the maximum value of 4l (N + M)_% + 0((N + M)_‘l‘)
2
(60)

And for i=1,2,5 Maximum values O(R,T}) reach at the point of
%oy
a=p= [N ¢ +0((N+M) )

1 1
This is the maximum value of | A4, (N + M) * + 0((N + M)_“) (61)
P(R.T), i=134

Now let's consider
A(l- a,, pz) :
274 |Page
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l-a, =p, :\/%(N+M)_‘l‘ +0((N+M)‘l*).

1 1
This is the maximum value of JAAL N+ M) 4+ 0((N + M)_“) . (62)

Ee )
H
N

"
fw

I

i

From (60)-(62) follows the validity of theorem 1.
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