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Abstract 

This work considers the boundary value problem for a heterogeneous mixed-type partial 

differential equation with two degeneracy lines, obtains a representation of the solution, obtains 

an a priori estimate of the solution, and obtains theorems proving the uniqueness and 

conditional stability of the solution in the set of correctness. 
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Аннотация 

В данной работе рассматривается краевая задача для неоднородного уравнения в 

частных производных смешанного типа с двумя линиями вырождения, получено 

представление решения, выведена априорная оценка решения, получены теоремы, 

доказывающие единственность и условную устойчивость на множестве корректности 

решения.  

 

Ключевые слова: некорректная задача, смешанного типа, априорная оценка, 

множество корректности, единственность, условная устойчивость. 

 

Introduction 

The work is dedicated to the investigated ill-posed boundary value problem for two degenerate 

lines of heterogeneous mixed-type equations. 

The correct boundary value problems for such types of equations were considered in the works 

of A.M. Nakhushev, M.M. Zaynulabidov, V.F. Volkodovov, V.V. Azovsky, O.I. Marichev, 
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A.M. Ezhov, N.I. Polivanov, He Kan Cher, S.I. Makarov, S.S. Isamuhamedov, Zh. Oramov, 

M.S. Salahitdinov with students, K.B. Repinov, A.A. Sab 

In the sense of J. Adamar, incorrect problems were investigated in the works of E.M. Landis, 

S.G. Krein, M.M. Lavrentiev [1], H.A. Levine, I.E. Yegorov and V.E. Fedorov, A.I. Kozhanov, 

S.G. Pyatkov, A.L. Buchgeim, K.S. Fayazov [2], M.Kh. Alaminov, I.O. Khajiev [3], Ya.K. 

Hudayberganov [4], 

 

Let 
1 2 Q=   ,

 
Where 

1 { 1 1, 0},x x = −     
2 { 1 1, 0},y y = −     

 0 , .Q t T T=      

Problem. It is required to find a function ( , , )u x y t related in the area  with equation 
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where, A is some constant, ( 0,1),i = ( , ), ( , , )i ix y f x y t is a given sufficiently smooth function, 

and
1 2
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Spectral problem 

Find such values  at which the next task 
2( ) ( , ) ( ) ( , ) ( , ) 0, ( , ) ( 1;1) , , 0,xx yysgn x x y sgn y x y x y x y x y  + + =  −    ( 5 ) 
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the solution to problem (5), ( 6 ) using the Fourier method, assuming 
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( , ) ( ) ( ).x y X x Y y =     ( 7 ) 

From conditions ( 6 ) we obtain: 

( 1) ( 1) 0,

( 0) ( 0),

( 0) ( 0),

X X

X X

X X

 − = + =

− = +
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( 0) ( 0),

( 0) ( 0).

Y Y
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 − = + =

− = +

 − = − +

      ( 9 ) 

Let's find the second partial derivatives of the function ( 7 ): 

( , ) ( ) ( ), ( , ) ( ) ( ).xx yyx y X x Y y x y X x Y y  = =  

Substituting into (5) and separating the variables, we obtain: 

( ) ( ) ( ) ( )
.

( ) ( )
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X x Y y


 
+ = −  

Further, since 
( ) ( )

( )
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X x
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( ) ( )

( )
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Y y


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Thus, we have 
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( ) ( ) ( ) ( )
, .

( ) ( )
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X x Y y
 

 
= − = −  

As a result, to find the functions ( ) ( ),X x Y y we obtain the equations: 

1( ) ( ) ( ),sgn x X x X x = −      (9) 

2( ) ( ) ( ).sgn y Y y Y y = −      (10) 

Let us consider equations (9), (10) with the corresponding conditions (8), (9) 
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Thus, the solutions to problems (11) and ( 1 2) have the form: 
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Where 2 2

1 10, 0,k k k k   =  = −   2 2

2 20, 0.l l l l   =  = −   
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(1) 2 2 (2) 2 2

, ,
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correspond to their own functions 
(1) (1) (1) (2) (1) (2)

, ,( , ) ( ) ( ), ( , ) ( ) ( ),k l k l k l k lx y X x Y y x y X x Y y =  =   

(3) (2) (1) (4) (2) (2)

, ,( , ) ( ) ( ), ( , ) ( ) ( ),k l k l k l k lx y X x Y y x y X x Y y =  =   

Where , 0,1,2,....k l =  

In both cases, ,k l  −are non-negative roots of the transcendental equation .tg th = −  
 
Let 

2
( , )u u u= , Where 

1 1

1 1

( , )u u dxdy 
− −

=    scalar product . Besides 

( )( ) ( )

, ,( , ), ( , ) 0, , ( , 1,4),m n

k l i jx y x y m n m n  =  =  

( )( ) ( )

, ,

1, ,
( , ), ( , ) ( 1,4),

0, ,

m m

k l i j

k i l j
x y x y m

k i l j
 

=  =
= =

  
 

Where , , , .k l i j N  

Let 

( ) ( )

( ) ( )

2 22 (1) (2)

, ,

, 0 , 0

2 2
(3) (4)

,

, 0 , 0

( , , ) ( , , ), ( , ) ( , , ), ( , )

( , , ), ( , ) ( , , ), ( , )

k l k l

k l k l

k k l

k l k l

u x y t u x y t x y u x y t x y

u x y t x y u x y t x y

 

 

 

= =

 

= =

= +

+ +

 

 
 (13) 

According to the Hilbert-Schmidt theorem [6], the eigenfunctions of problem ( 5)– (6) form a 

Riesz basis in ( )
2

2 1;1L − . 

 

A priori estimate 

Lemma 1. For any solution to problem (1)-(4) t Q the inequality holds 
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The proof of this lemma can be found in [ 5 ] . 

correctness M sets as follows 

2 2

0

( , , ) : ( , , ) , .
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M u x y t u x y t dt m m
  

=    
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Uniqueness and conditional stability 

Theorem 1. If the solution to the problem (1) - (4) exists and ( , , )u x y t M , then the 

solution to problem (1) - (4) unique. 

 

Proof . Let 1( , , )u x y t and 2 ( , , )u x y t be solutions to problems (1) - (4) with the same data. 

Then 1 2( , , ) ( , , ) ( , , )u x y t u x y t u x y t= − will be the solution of problems (1) - (4) with a 

homogeneous equation and zero data. The function ( , , )u x y t is the solution of the 

corresponding homogeneous equation with zero data. This equation satisfies the conditions of 

Lemma 1, i.e. inequality ( 14 ) is true. From inequality ( 14 ) it follows 
0

( , , ) 0u x y t = . 

Consequently, for arbitrary ( , , )x y t  , ( , , ) 0u x y t   or 1 2( , , ) ( , , )u x y t u x y t . Theorem 

1 is proven. 

Let be ( , , )u x y t the solution of problem (1) - (4) with exact data, and ( , , )u x y t let be the 

solution of problem (1) - (4) with approximate data. 

 

Theorem 2 Let ( , , ), ( , , )u x y t u x y t M  And 0 0 1
( , ) ( , ) ,x y x y  −   

1 1 0
( , ) ( , ) ,x y x y  −   

0
( , , ) ( , , ) .f x y t f x y t −  Then 

( , , ) ( , , ) ( , , )U x y t u x y t u x y t= − the inequality is true for the function 
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for everyone t Q , Where ( )2 32 5 2 .T T = + +  
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Proofs of . Let function ( , , )U x y t  is the solution to the corresponding problem (1) - (4), and

0 0( , ,0) ( , ) ( , ),U x y x y x y = −  1 1( , ,0) ( , ) ( , )tU x y x y x y = − . The function 

( , , )U x y t satisfies the conditions of Lemma 1 and 
2 2

0

0

( , , ) 4

T

U x y t dt m . Then for 

function ( , , )U x y t  the following estimate is correct 

   
1 ( ) ( )2 2 2

0

0

( , , ) 4 ( ) 4 .

t
p t p t

U x y d q t T m     
−

 + +  

Theorem 2 is proven . 
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