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Abstract

This work considers the boundary value problem for a heterogeneous mixed-type partial
differential equation with two degeneracy lines, obtains a representation of the solution, obtains
an a priori estimate of the solution, and obtains theorems proving the uniqueness and
conditional stability of the solution in the set of correctness.

Keywords: incorrect problem, mixed type, a priori estimate, set of correctness, uniqueness,
conditional stability.

KPAEBAA 3AJJIAYA JJIS1 HEOJHOPOJHOI'O YPABHEHUSA B YACTHbBIX
IMPOU3BOJHbLIX CMEIITAHHOI'O THUIIA C ABYMA JIMHUAMHU
BBIPOXJIEHUA
[apunos XK. .

HanmonaneHelii yHuBepcuTeT Y30ekucTana uMeHdn Mup3sa ¥Yiyroeka
jasurbeksharipov55555@gmail.com

AHHOTAUA

B nmanHoit pabote paccMaTpuBaeTcs KpaeBas 3ajaya i HEOJHOPOJIHOTO ypaBHEHUS B
YACTHBIX IPOU3BOAHBIX CMEIIAHHOIO THUIIA C JBYMS JIMHHUSAMHU BBIPOXKICHHUS, ITOJIYYEHO
MIPEJCTABIICHUE PEIICHUS, BbIBEICHA AlpPUOPHAs OLIEHKA PELICHHUs], IOJTYyYEHBbl TEOPEMBI,
JIOKA3bIBAIOIIME €IMHCTBEHHOCTh U YCIIOBHYHK) YCTOMUYMBOCTh Ha MHOXECTBE KOPPEKTHOCTH
peleHus.

KiarueBble cjoBa: HCKOPPCKTHAA 3aaa4da, CMCIIAHHOIO THIIA, aIllpHOpPHAsA OICHKA,
MHOXCECTBO KOPPEKTHOCTHU, CIMHCTBECHHOCTD, YCIIOBHAA yCTOI\/'I'-II/IBOCTB.

Introduction

The work is dedicated to the investigated ill-posed boundary value problem for two degenerate
lines of heterogeneous mixed-type equations.

The correct boundary value problems for such types of equations were considered in the works
of A.M. Nakhushev, M.M. Zaynulabidov, V.F. Volkodovov, V.V. Azovsky, O.l. Marichev,
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,) /f/ A.M. Ezhov, N.I. Polivanov, He Kan Cher, S.I. Makarov, S.S. Isamuhamedov, Zh. Oramov,

\&\:' 7 "~ M.S. Salahitdinov with students, K.B. Repinov, A.A. Sab
&/ -\\\ In the sense of J. Adamar, incorrect problems were investigated in the works of E.M. Landis,
TAP \ S.G. Krein, M.M. Lavrentiev [1], H.A. Levine, |.E. Yegorov and V.E. Fedorov, A.l. Kozhanov,

S.G. Pyatkov, A.L. Buchgeim, K.S. Fayazov [2], M.Kh. Alaminov, 1.0. Khajiev [3], Ya.K.
Hudayberganov [4],

Let Q=0 x0Q,xQ,  Where Q ={-1<x<1 x#0}, Q,={-1<y<1 y=0},
Q={0<t<T,T <o}.

Problem. It is required to find a function u(x, y,t) related in the areaQ with equation

where, Aissome constant, (i =0,1), ¢ (x,y), f.(x, y,t) is a given sufficiently smooth function,

Uy (X, ¥,1) +SgN(X)U,, (X, ¥, 1) +SgN(Y)u,, (x, y,t) + Au(x, y,t) = F (X, y,1), (1)
and satisfying the conditions:
initial
o'u(x, y,t
SUELD g x ), (xy)e[-51], 2
% borderline
g u (% y,0)],, =0.(y,1) e [-L1]xQ, .
é u, (x, y,t)‘aQz =0,(x,t) e[-1;1]xQ, )
g and gluing conditions
b o'u(x, y,t) O'u(x, Y1) P~
e o R Lo OTER (@)
=] o'u(x, y,t) ou(y.t) 10O
= — _( 1) , (X,t)E[—l,l]XQ,
?.% 6'y y=—0 ay y=+0
&

and, (% y)).q, =0, @, (x. Y[, =0.

Spectral problem
Find such values A at which the next task

Web of Technology: Multidimensional Research Journal

sgN(X) I, (X, ¥) +5an(Y),, (X, ¥) + A9(X, ¥) =0,(X, y) € (-L1)*, x, y #0, (5)
3% ¥, =0, ye[-L1], &,(x,Y)|,... =0, xe[-11]
PN~y i PN yer (6)

X x=-0 x=+0
0'9(x,y) 3'9(x.y) 1 (i3
Ty_o_( 1) AN Y) S xe[-11], (i=01),

the solution to problem (5), ( 6 ) using the Fourier method, assuming
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J(x, y) = X(X)Y (y).
From conditions ( 6 ) we obtain:
X'(-) = X'(+1) =0,
X (=0) = X(+0),
X'(=0) =—X'(+0),
Y'(-)=Y'(+1) =0,
Y (-0) =Y (+0),
Y'(-0) =-Y'(+0).
Let's find the second partial derivatives of the function ( 7 ):
o (X, ¥) = X"(X)Y(y), 3, (X, ¥) = X(X)Y"(y).
Substituting into (5) and separating the variables, we obtain:
sgn(x) X"(x) . sgn(y)Y"(y) _
X(x) Y (y)
SgNO)X"(x) does not depend on vy, but Sgn(Y"(y) on
X () Y ()

Further, since

Thus, we have
sgn(x) X"(x) _ sgn(y)Y"(y) _
X(x) e Y(y) s
As a result, to find the functions X (x), Y (y)we obtain the equations:
sgn(x) X" (x) = =4 X (x),
sgn(y)Y"(y) = =AY (y).

Let us consider equations (9), (10) with the corresponding conditions (8), (9)

sgn(x) X"(x) = =4 X (x),
X'(-1)=X'(+1) =0,
X (=0) = X (+0),
X'(=0) =-X"(+0),
sgn(y)Y"(y) ==4Y (y),
Y'(-)=Y'(+1) =0,
Y (-0) =Y (+0),
Y'(-0) =-Y'(+0).
Thus, the solutions to problems (11) and ( 1 2) have the form:
at4 >0, 4, >0,

X(l)(x): Cosluk(x_l)/cos/uk ,0<X<1,k€ ’
chy (x+1) / chy ,—1< x <0,
YO (y) = COSJ,(y—l)/COScr|,0<y<1,IE |
cho,(y+1)/cho,,-1<y <0,
at4 <0,4, <0,
47 |Page
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chy, (x=1)/chy, ,0<x<1,
Xéz)(x)= e (x=1)/ chg keN,
cos x4, (X+1)/cos y,, —1< x <0,
O (y) = cho,(y-1)/cho, ,0<y <], N
coso,(y+1)/coso, ,—1<y<0,
at4, =0,4, =0,
1/42, 0<x<1,
xo(x):
1/2, -1<x<0,
1/42, 0<y<y,
Yo(y):
1/4/2, ~1<y<0,
Where 4, = 1 >0, 4, =—u2 <0, 1, =07 >0, ,, =-c7 <0.
Eigenvalues

Ad=m+or, A =i -0,
ﬁ'k(A) —p + oy, /1k(s|) =—u —oy,
correspond to their own functions
G y) = X202 (y), 97 (% y) =X ()% (y),
TN =XT0) Y0, GV ) =X ()Y (y),
Wherek,1=0,12,....
In both cases, 4,0, —are non-negative roots of the transcendental equationtge = -ther.  Let

11
lu” = (u,u), Where (u,0) = I juudxdy scalar product . Besides

-1-1

(I (%, y), I (x,y)) = 0,m =, (m,n =1,4),

Lk=inl=]j, Y

(A7), 9P (%, y)) = {

0, k#inl=],
Where k,1,i, j e N.
Let
Jux, y O = z\ U0,y 0, 930 + D [(u0ey.0), 8200, )
k,1=0 (13)
+3 |(utx, v, 99,y +2\ Uk, v, 8, 8906 y))|

k,1=0

According to the Hilbert-Schmidt theorem [6], the eigenfunctions of problem ( 5)— (6) form a
Riesz basis in L,(-11)".

Web of Technology: Multidimensional Research Journal
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A priori estimate
Lemma 1. For any solution to problem (1)-(4) t € Q the inequality holds
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)
Where

)
a=@ +D[|F(x .0 dt+ 2T o[+l + T + Do
0

o(t) = oT +1(l—e2t)T—(l—e2T)t].

1-e™
, q(t) =ex
1-e™ 90 p[ 2 1-e™

The proof of this lemma can be found in [ 5] .
correctness M sets as follows

M = {u(x, y,t): I||u(x, y,t)||2 dt<m*m< oo}.

Uniqueness and conditional stability
Theorem 1. If the solution to the problem (1) - (4) exists and U(X, y,t) € M , then the

solution to problem (1) - (4) unique.

om/index.php/4

S.C

Proof . Let u,(X,Yy,t)and u,(X,Y,t) be solutions to problems (1) - (4) with the same data.
Then u(X,y,t) =u,(X,y,t) —u,(X, y,t) will be the solution of problems (1) - (4) with a
homogeneous equation and zero data. The function u(X,Y,t)is the solution of the

corresponding homogeneous equation with zero data. This equation satisfies the conditions of
Lemma 1, i.e. inequality ( 14 ) is true. From inequality ( 14 ) it follows |ju(x, y,t)]|,=0.

€D webofjournal

Consequently, for arbitrary (x,y,t) e Q,u(X,y,t) =0 or u,(x,y,t) =u,(X,y,t). Theorem
1 is proven.
Let be u(x,y,t)the solution of problem (1) - (4) with exact data, and u_(X,y,t)let be the

solution of problem (1) - (4) with approximate data.

Theorem 2 Let u(x, y,t), u,(x,y,t) € M And| g, (X, y) — @, (X, y)||, <&,

I, (% )~ 0. (6 ), <. £ (x,y.) = (¢, y.0)], < & Then
U (X, y,t)=u(x,y,t) —u_(X,Y,t)the inequality is true for the function

Web of Technology: Multidimensional Research Journal

j U x,y.2)fdr <aq@){Te? + o, " fam? 4 @, )",
0

for everyone t € Q, Where o, = g* (2T3 +5T + 2).
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Proofs of . Let functionU (X, Y,t) is the solution to the corresponding problem (1) - (4), and
U(X,y,0) =@, (%,¥) =@, (% y),  Ui(xy,0) = (X, y) -, (xy). The function

;
U (X, y,t) satisfies the conditions of Lemma 1 and I”U (X, y,t)||§ dt <4m?. Then for
0

g functionU (X, y,t) the following estimate is correct
5 t 1-p(t) )
—p(t p(t

8 I”U (X, y,r)||§dr£4q('[){T<92 +a8} {4m2 +a8} :
= 0
c Theorem 2 is proven .
o
| -
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