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Abstract 

The paper considers the history of the creation of a direct method of X-ray structural analysis. 

There are 230 combinations of symmetry elements that a crystal structure, which are called 

space groups. The Bragg X-ray diffraction scheme, the structure of a sandwich complex of a 

mercury-containing macrocycle with borane, and the atomic scattering curves for a point atom, 

a stationary atom, and an atom undergoing thermal vibrations are studied.  
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Introduction 

In 1953, two American mathematicians, Jerome Karl and Herbert Hauptman, published a paper 

on the theory of direct methods in X-ray structural analysis. Thanks to these methods, X-ray 

structural analysis is the most powerful method for determining the structure of molecules in 

crystals. To date, this method has studied the structure of more than 200,000 molecules. In 

1985, both mathematicians received the Nobel Prize in Chemistry for the development of direct 

methods. 

In 1669, the Danish naturalist Niels Stensen published his work "On the Solid Naturally 

Contained in the Solid." This year can be considered the birth date of crystallography - the 

science of crystals. Stensen's work contains, in particular, the law of constancy of angles: 

crystals of different shapes of the same substance (mineral) have constant angles between the 

corresponding faces. 

Hauy's law, discovered in 1783, are a consequence of the peculiarity of the internal structure 

of crystals - three-dimensional periodicity in the arrangement of material particles. This is how 

a crystalline body differs from an amorphous one. The first to express such a hypothesis was 

the French abbot, professor of mineralogy and crystallography René Juste Hauy . He suggested 

that a crystal is like a masonry of many tiny identical bricks, which he called integral molecules. 

In 1848, the French engineer Auguste Bravais , replacing the "integral molecules" with points, 

arrived at the concept of a spatial lattice as a geometric image reflecting the three-dimensional 

periodicity of a crystal. In 1855, he derived 14 types of spatial lattices. 
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The lattice is characterized by three vectors (translations), when shifted by which the structure 

coincides with itself. A parallelepiped constructed on three translation vectors is called a lattice 

cell. If we know the arrangement of atoms inside the cell, then, by "multiplying" the cell by 

translations to the entire volume of the crystal, we obtain the entire crystalline structure. 

Therefore, it is said that the crystal structure has translational symmetry. In addition to 

translational symmetry, other types of symmetry are possible in crystals. The structure can be 

combined with itself by rotations, reflection in a plane, reflection at a point - inversion (i.e. an 

atom with coordinates x, y, z will transform into an atom with coordinates -х, -y, -z ) or by 

successive execution of such transformations (for example, rotation with inversion, reflection 

with translation). 

There are a total of 230 combinations of symmetry elements that a crystal structure can have. 

They are called space groups, because from the point of view of algebra, combinations of 

symmetry elements form a mathematical group. Space groups were discovered in 1890 

independently and almost simultaneously by the Russian crystallographer Evgraf Stepanovich 

Fedorov (that is why in Russia they are often called Fedorov groups) and the German 

mathematician Arthur Schönflies. Due to symmetry, we need to determine the coordinates not 

of all the atoms in the cell, but only of some of them, which are called the independent part of 

the cell. The coordinates of the remaining atoms in the cell will be uniquely determined if we 

“multiply” the atoms of the independent part by the symmetry elements of the crystal. 

The birth date of X-ray structural analysis can be considered to be 1912, when the German 

physicist Max Laue and his colleagues discovered the effect of X-ray diffraction as they pass 

through a crystal. In 1914, the English scientist William Lawrence Bragg proposed a visual 

interpretation of X-ray diffraction in a crystal as reflection from a series of nodal planes of the 

crystal (Fig. 1). 

 

 

Fig.-1. Bragg X-ray diffraction diagram ( d hkl – interplanar distance; – angle of reflection 

from planes h, k, l). 

 

A nodal plane is a plane that passes through three lattice nodes. Any nodal plane that is parallel 

to a plane passing through the origin of coordinates 
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hx + ky + lz = 0 

will have an equation 

hx + ky + lz = p 

where p is a constant. 

Three indices, i.e. three mutually prime (irreducible) numbers h, k, l, characterize a whole series 

of nodal planes parallel to each other. Therefore, this series of planes is designated as ( hkl ). 

Rays reflected by successive planes will not cancel each other out only if the difference in their 

paths is an integer number of wavelengths. From this, Bragg derived the relationship 

 
This same equation was independently derived by the Russian crystallographer Georgy 

Viktorovich Wulf and is therefore called the Wulf– Bragg equation . It determines the angles 

at which reflection from a given series of planes ( hkl ) can occur. 

The integer n is called the order of reflection. The reflections of the series of planes ( hkl ) are 

assigned indices nh , nk , nl . Therefore, the indices of reflection are not required to be mutually 

prime numbers. 

The directions and intensities of the reflected rays are completely determined by the structure 

of the crystal. The X-ray structural method for determining the structure of matter is based on 

their analysis. 

Only in this case we need to solve the inverse problem – using the known directions and 

intensities of the reflected X-rays, reconstruct the arrangement of atoms in the crystal. 

In this way, complete information about the geometry of the molecules that make up the crystal 

is obtained. In many cases, X-ray structural analysis is the only method by which the structure 

of a molecule can be established, for example, as in Fig. 2. 

 
Fig.-2. Structure of a sandwich complex of a mercury-containing macrocycle with borane . 

 

X-ray structural analysis is divided into two stages. In the first stage, firstly, the parameters of 

the crystal lattice and its symmetry are determined; secondly, the coordinates of the atoms in 
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the cell are found. Determining the cell parameters is usually a trivial task. There are various 

formulas (depending on the method of photographing the crystal) by which they are calculated 

if we know the angles of the rays reflected from the crystal. When the cell parameters are 

known, we can make initial assumptions about the possible symmetry elements of the crystal 

structure. 

Each symmetry element, except for the inversion center, imposes certain restrictions on the unit 

cell parameters. For example, if the structure has an axis of symmetry, then the two angles of 

the unit cell are equal to 90 degrees. As symmetry increases, the number of restrictions 

increases. 

In accordance with these restrictions on the values of the cell parameters, 230 space groups are 

divided into 6 classes, which in crystallography are called syngonies . The triclinic syngony 

contains the minimum number of groups (2), which allows only the presence of an inversion 

center and does not impose any restrictions on the parameters of the unit cell, the rhombic 

syngony contains the maximum. 

Further determination of the space group is already associated with the analysis of reflection 

intensities. However, even after such an analysis, some space groups remain indistinguishable 

from each other. In this case, the researcher tries to decipher the structure in different groups. 

If the symmetry of the structure is not what is supposed, the structure will not be deciphered. 

The second stage of structure decoding is the main problem. Knowing the coordinates of the 

atoms in the cell, we can calculate the theoretical intensities of reflections using the formula 

 

 
 

where K is a coefficient constant for a given sample, is the polarization factor, and F( hkl 

) is the structural reflection amplitude hkl . 

The structural amplitude is calculated using the formula 

 

 
 

Where x j , y j and z j – coordinates of atoms, f j – atomic scattering factor, shows how many 

times atom j scatters X-rays more strongly than an electron. The value f j decreases with 

increasing ( Fig. 3). 
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Fig.-3. Atomic scattering curves f for a point atom (1), a stationary atom (2) and an atom 

undergoing thermal vibrations (3) 

 

This is due to the fact that the electrons of an atom are not concentrated at one point (the point 

atom model), but are distributed in space, so the rays reflected by different parts of the electron 

cloud partially cancel each other out. This effect is enhanced by increasing . At = 0 f 

j equal to the number of electrons of the atom Z j . Thermal vibrations of atoms further smear 

the electron cloud, which leads to an increase in the effect. 

This is taken into account by introducing a temperature correction. 

In general, F( hkl ) is a complex value. It can be represented as  where is the 

phase of the structural amplitude. 

Knowing the structural amplitudes, we can reconstruct the distribution of electron density in 

the crystal. But, measuring the intensities of reflections, we can only calculate the modules of 

the structural amplitudes using the formula. At the same time, we know nothing about their 

phases. This is the famous phase problem of X-ray structural analysis. 
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